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Abstract. In this article we continue our analysis of Schrodinger operators with a random 
potential using scattering theory. In particular the theory of Krein's spectral shift function leads 
to an alternative construction of the density of states in arbitrary dimensions. For arbitrary di- 
mension we show existence of the spectral shift density, which is defined as the bulk limit of the 
spectral shift function per unit interaction volume. This density equals the difference of the den- 
sity of states for the free and the interaction theory. This extends the results previously obtained 
by the authors in one dimension. Also we consider the case where the interaction is concentrated 
near a hyperplane. 



1. Introduction 

The integrated density of states is a quantity of primary interest in the theory and in apph- 
cations of one-particle random Schrodinger operators. In particular the topological support of 
the associated measure coincides with the almost-sure spectrum of the operator. Moreover, its 
knowledge allows to compute the free energy and hence all basic thermodynamic quantities of 
the corresponding non-interacting many-particle systems. 

The present article is a continuation of our analysis of applications of scattering theory to 



random Schrodinger operators [ |27| , [28[ ]. There we showed in particular in the one-dimensional 
context the existence of the bulk limit of the spectral shift function per unit interaction interval. 
Also this limit was shown to be equal to the difference of the integrated densities of states for 
the free and the interaction theory. Here we extend this result to arbitrary dimensions v. This 
result was announced in [p7|]. An independent proof has been recently given in in the case 



of the discrete Laplacian. In [ |27| ] we also proved how the Lyapunov exponent could be obtained 
in an analogous way as (minus) the bulk limit for the logarithm of the absolute value of the 
scattering amplitude per unit interaction interval. This result was recognized long ago, although 



a complete proof was absent, see j31|, |32p. We believe that a similar result can be obtained for 
the higher dimensional case (see [ |27| ] for a precise formulation). 

Some other applications of scattering theory in one dimension to the study of spectral prop- 
erties of Schrodinger operators with periodic or random potentials can be found in [0, |l|, ^ 
and [23] respectively. 

One of the important ingredients of our approach is the Lifshitz-Krein spectral shift function 
(see [||, ^ for a review and [^, 17] for recent results). In the context of our approach the 



spectral shift function naturally replaces the eigenvalue counting function, which is usually used 
to construct the density of states. The celebrated Birman-Krein theorem [^] relates the spectral 
shift function to scattering theory. In fact, up to a factor — vr^^ it may be identified with the 
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scattering phase when the energy A > 0. For A < the spectral shift function equals minus the 
eigenvalue counting function. 

These two properties of the spectral shift function, namely its relation to scattering theory and 
its replacement of the counting function in the presence of an absolutely continuous spectrum 
convinced the authors already some time ago that the spectral shift function could be applied to 
the theory of random Schrodinger operators and led us to an investigation of cluster properties of 
the spectral shift functio n p6| |, when the potential is a sum of two terms and the center of one 
is moved to infinity. In [|15|] we proved convexity and subadditivity properties of the integrated 
spectral shift function with respect to the potential and the coupUng constant, respectively. Such 
properties often show up when considering thermodynamic limits in statistical mechanics. 



In the one-dimensional case [ 27 ] we proved an inequality for the spectral shift function, which 
reflect its "additivity" properties with respect to the potential being the sum of two terms with 
disjoint supports 

|e(A; H0 + V1 + V2, Ho) - C(A; Ho + Vi,Ho) - ({X; Hq + V2, Ho)\ < 1. 



Combined with the superadditive (Akcoglu-Krengel) ergodic theorem [ [30| ] this allowed us to 
prove for random Hamiltonians of the form 

j=n 
j=-n 

the almost sure existence of the limit 

(1.1) e(A)= lim 



2n + l 

which we called the spectral shift density. We proved the equality ^{E) = No{E) — N{E), 
where N{E) and Nq{E) = vr"^ [max(0, E')]^/^ are the integrated density of states of the Hamil- 
tonians H{u!) and Hq respectively. 

Before we outline the main results of this paper we recall some well-known facts about the 
density of states for Schrodinger operators H = Hq + V in the Hilbert space L'^{W^) with 
Hq = —A and V being an arbitrary potential with V- € K,^, V-^ G K]^'^ {Ky denotes here the 
Kato class, see e.g. [|l^, @). One says that H = Hq + V has a density of states measure if for 
all5GCo°^ 



(1.2) ii{g) = lim tr(xA5'(-H'))/meas(A) 

A— >oo 

exists. Here XK is the characteristic function of a rectangular box A = [ai , 61] x . . . x [a,y , 6,^] and 
the limit A ^ 00 is understood in the sense —00, 6j ^ 00 for alH = 1, . . . , v. Actually 
A need not be a box. Instead of boxes we can take a sequence A j of bounded domains tending to 
infinity in the sense of Fisher [36|. With A'^'^^ being the set of points within distance h from the 



boundary 9 A of A, the convergence in the sense of Fisher means that lim meas(Aj) = 00 and for 
any e > there exists 5 > independent of i and such that m.es£,{Kf '^'^™^'^'''^)/meas(Aj) < e. 
By the Stone-Weierstrass theorem for the existence of the density of states measure it suffices 



to prove the existence of the limit on the r.h.s. of ( |1 .2[ ) with g{\) = e^'^* for alH > [p4|]. 

By Riesz's representation theorem the positive linear functional ii{g) defines a positive Borel 
measure dN{E) (density of states measure) such that 

(1.3) fi{g) = [ g{X)dN{X). 
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The non-decreasing function 

t-X-O 

N{X) = / dN{X') = N{{-oo, A)) 

J —oo 

is called the integrated density of states. If the density of states measure is absolutely continuous, 
its Radon-Nikodym derivative n{E) = dN{E)/dE is called the density of states. For random 
Schrodinger operators the absolute continuity of N{E) is discussed in [29, ^ ^ [T8[ ]. 

Let be the operator H^f^ + V where H^j^ is the Laplacian on (A) with Dirichlet 
boundary conditions on 9A. Then 

(1.4) lim (meas(A))-i [ii{xKg{H)) - iT{g{H'l))\ = 0, 

A— »oo 

such that the integrated density of states can be calculated as the bulk limit of the density of the 
eigenvalue counting function for H^. This equation shows that the limit (L2) does not depend 
on the properties of H "outside" the box A. Therefore one may expect that 

(1.5) lim (meas(A))-i [tT{xAg{H)) - tr(xA9(i?o + XA^))] = 0. 

A^oo 



Below we will prove (see Theorem ^) that this really is the case. Substracting from ( |1.2[ ) the 
same limit with H = Hq, i.e. V = und using (L5) we obtain 

(1.6) fi{g) - fio{g) = lim (meas(A))-i [tr(xA5(^o + XaV)) - ti{xAg{Ho))] ■ 

A^oo 

By construction the potential xaV has compact support. This fact will allow us to prove that 
the difference g{HQ + XA^) — g{Ho) is trace class for all finite A. Since g{Ho + XA^) outside 
the box A is "approximately" equal to g{Ho) we will be able to prove that 

(1.7) lim (meas(A))-i tr [(1 - XA){giHo + XA^) - g{Ho))] = 0. 

A^oo 

Combining ( pT^ ) and ( pT?] ) we obtain 

Ka) - fJ-oig) = lim (meas(A))"^ tr [g{Ho + XA^) - ^(^^o)] 

A— ►oo 

(1.8) = hm / g (A) — dX, 

A^oo jjg meas(Aj 

where ^(A; Hq + XA^^, ^o) is the spectral shift function for the pair of operators (Hq + XA^> 

Since the l.h.s. of (1.8) is a difference of two positive linear functionals, the existence of the 
density of states implies the existence of a limiting (signed) measure dE{X) such that 

/ g{X)dEiX) = lim / ,(A)iiMo±XAV^^^ 
Jr J meas(A) 



for any g £ Cq (continuously differentiable functions with compact support). Also, from (1.3) 
and ( [L8| ) it follows that 

(1.9) / g{X)dN{X) - [ g{X)dNoiX) = [ 5'(A)dH(A). 



Since A^(A) and A''o(A) are both non-decreasing functions we may view the integrals on the l.h.s. 
of ( [T^ as Lebesgue-Stieltjes integrals and perform an integration by parts, thus obtaining 



(1.10) / g'iX)iNoiX) - NiX))dX = / g'iX)dE{X) 
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This implies that dE{X) is absolutely continuous. Its Radon-Nikodym derivative ^(A) = dE(X)/dX 
we call the spectral shift density. From ( |1.1(]| ) we also have 

(1.11) C{X) = NoiX) - N{X) a.e. onM. 

Clearly the converse is also true, i.e. if the spectral shift density exists then the density of states 
also exists and ( |1.11D is fulfilled. 

Similarly we can prove the existence of the relative spectral shift density 

lim / g{X) -— dX, 

A— >oo J meas(Aj 

which is again related to the difference of the densities of states for the operators Hq + V + W 
and Hq + W. For example as in [ pO| , |^ we can take 14^ to be a periodic potential and y to be a 
random potential describing the distribution of impurities. We expect that it is also possible to 
consider Schrodinger operators with an electromagnetic field 

Ho{a) = i-iV + af + W, 

where a is a vector potential of a magnetic field and W stands for an electrostatic potential. 
However, we will not touch this question in the present work. 

The heuristic consideration presented above will be rigorously justified in Section 2. In Sec- 
tion 3 we will show that actually it is not necessary to take a "sharp" cut-off xaV to calculate 
the spectral shift density. For lattice-type potentials of the form V = Yljei" /)(' ~ j)' where 
{/jljeZ" is a family of not necessarily compactly supported functions being uniformly in the 
Birman-Solomyak class /^(L^), one can approximate y by a sequence oiV\ = X^jeA ~ j)- 
Section 4 is devoted to the study of the cluster proprties for the Laplace transform of the spectral 
shift function (see Corollary 4.5 ). 

In Section 5 we consider random Schrodinger operators of two types, namely the random 
crystal model, 

(1-12) i7, = //o+ 

and that of a monoatomic layer 

(1.13) H^ = Ho+Yl - j), '^i < 

where / is supposed to be compactly supported on the unit cell and aj(a') is a sequence of 
random i.i.d. variables forming a stationary metrically transitive field. For the Hamiltonians 

( 1.12 ) the existence of the integrated density of states A^(A) is well known (see e.g. [22]). We 
prove that for any g G Cq 

f ^ ^) g(A;go + K. A,go) ^^ ^ r ^(^)(^^(^) _ ^(^))^^ 
A-+00 J meas(A) J 

almost surely. This result also remains valid for Hamiltonians of the form H^^ = Hq + Vuj, 
where Vuj{x) is an arbitrary metrically transitive random field, i.e. there are measure preserving 
ergodic transformations {Tyjy^]^,^ such that VTyUj{x) = Ki(x — y). 

For the Hamiltonians of the type ( 1.13| ) we prove the existence of the spectral shift density as 
a measure (see Theorem 5.13 below). Recently similar results for discrete Schrodinger operators 
of this type were obtained by A. Chahrour in [||]. 

Acknowledgements. We are indebted to A. Chahrour, J.M. Combes, V. Enss, W. Kirsch and 
L. Pastur for useful discussions. 
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2. Spectral Shift Density: General Potentials 

We start with some preparations. Let {fix, P^, iXt)t>o) denote the Brownian motion starting 
at X £W with expectation E^^. For an arbitrary measurable set B C R'^ let tb{<j^), ^ fix be 
the first hitting time: 

TB{u:) = m{{Xtiu)eB}. 



Let J'l and J'2 denote the ideals of trace class and Hilbert-Schmidt operators in the Hilbert 
space = L'^{W^) with norms || • and || • respectively. Also for any potential V, V+ and 
V- are its positive and non-positive parts respectively such that V = V+ + V-. The following 
theorem was proven by Stollmann in [p6|] (see also [p^, where these results were announced). 



Theorem 2.1. Let V,W be such that Vj^,W+ G V-,W- G and V has compact 

support. Then 



(2.1) 




hW+V) 


_ e-tiHo- 


\-W) 


J2 


< 


C2 1 


(2.2) 




hW+V) 


_ e-'iHo- 


hW) 


Jl 


< 


Cl 



F.{rsuppV < t/2} 



1 1/2 



i/s 



Remark 2.2. Inspecting the proofs in [ p^ ] one can easily see that the constants C2 and ci in 
(2.1) and (2.2) respectively can be chosen as follows 



C2 



Cl 



8(27rt) 



-1//4 



(nt) 



-t(Ho+W-+V-)/2 



-u/2 -t(Ho+2W-+2V-)/2 



1/2 



't(Ho+4W-+iV-)/4: 



1/2 



Actually in [^] this theorem was proven under the much more general conditions on the 
perturbations V and W by which they were allowed to be measures. In the sequel we will not 
use the Hilbert-Schmidt estimates. Nevertheless we have included them since from our point of 
view they provide an interesting information on the convergence of semigroup differences. 



The following lemma allows one to estimate the r.h.s. of (2.1) and of (2.2) in terms of 
meas(suppy): 



Lemma 2.3. [47] For an arbitrary measurable set B C and for any x ^ B such that 
dist(x,S) > 



dist(x,S)^ 
ii7t 



Thus the r.h.s. of (2J_) can be bounded by (meas(suppl^))^/^ and the r.h.s. of (22) by 
meas(suppy). 

Let ||^||p,g denote the norm of the operator ^ as a map from into L^, I < p,q < 00. 
Using some ideas and methods from [p^] we will prove 
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Theorem 2.4. Let B dW be a compact set. Let V be a measurable function such that G 
K^^" and V- G K,,. Then for any t>Q there is a constant c > independent of B such that 



-t{Ho+2V-)/2 



(2.3) • {?>\\xb^.{tbc < t/2}||^(' + \\E,{xB{Xty,rBc < t/2}||^(') , 



Ji 



i//2 


^-t{Ho+2V-)/2 


1/2 


g-t{i?o+4y-)/4 


1/2 






CX),00 




00,00 



(2.4) 



< 2^-'/\7rt)-''/^ 



J2 



< 2i-'^/2(7ri)~''/^ 



,-t(ifo+2y-)/2 



g-t(i?o+XBV^) _ e-*^o^ 


Ji 








< 22-''/4(7r0-"/' 


^-t{Ho+2V-)/2 


1/2 
00,00 


^-t{Ho+4V-)/A 


1/2 
00,00 


XB)P.{rB<i/2}'/'|| 


^. + \\E.{l-XB{Xt] 


■,TB<t/2f'^ 





(2.5) • (3||(1 - XB)^,{rB < t/2}||i(' + ||E.{1 - XB(^t);TB < t/2}\\]^,^^ , 

(1 - Xb) (e- 



(2.6) 



This theorem can be also easily extended to the case where Hq is replaced by Hq + W with 
W being an arbitrary potential such that W+ G and W_ G ifj^. 

Lemma 2.5. Let B be an arbitrary domain in W^. Then for any e > there is Cg depending on 
e only such that 



E.{xB(X,);r^. <t}< (P.^c < t}f^ • | ^ ^ ^ ^' 



for all t > 0. 

Proof. By the Schwarz inequality with respect to the Wiener measure 



Ex{XBiXty,TBc <t}< (B^ixBiXt)})'^^ (P^TBc < 

= [(e-*^°XB) (x)]^/'(P4rBc<n)^/^ 
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For X ^ B one obviously has (e ^^°Xb){x) < 1- Now suppose that x ^ B. Then 







-W2 f , 

Jb 






-/2 f , 

Jb 


< 


{Anty 


' sup 

y&B 


< 


{Anty 


-vl2 

' exp 



exp 



At 

(4 + 6)i 

{x - y) 



dy 



exp 



e (x - yf 



dy 



= (47r)-^/2gxp 
which completes the proof of the lemma. 



{A + e)t 
d\st{x,Bf 

(4 + 6)t 
dist(x,S)2 
(4 + e)t 



t 4e + 16 



exp 



exp 
exp 



t 4e + 16 

e {x - y f 



dy 



t 4e + 16 
4e + 16 



dy 



dy, 



□ 



Let meas(-) denote the i^-dimensional Lebesgue measure. Sometimes we will make the di- 
mensionality explicit and write meas„ for 1 < n < u. 



By Lemmas 2.3 and 2.5 as a corollary of Theorem 2.4 we obtain 



Corollary 2.6. Let B be a box in 

of B such that 



For V >2 and for every t > there is c> G independent 



(2.7) 
(2.8) 
(2.9) 
(2.10) 



(1 - Xb) (e-*(^«+^s^) - e 



tHo 



J2 

Jl 

J2 
Jl 



< c(measjy_i idB)y/^, 

< cmeaSu~i{dB), 

< c(measj._i(95))i/^ 

< cmeaSi,-i{dB). 



If u = 1 the same inequalities hold if the r.h.s. of - ( 2.10 ) are replaced by some constants. 



Indeed to prove the corollary it suffices to estimate the integral of a positive function "con 
centrated" near the boundary dB and falling off exponentially fast away from dB. Lemmas 2.3 



and ^ say that the rate of fall-off depends only on t and the dimension v. Thus such integrals 
can be bounded by meaSi,-i{dB) times a constant depending on t and v only. 



Actually Corollary can be easily extended to more complicated domains A. For instance 
we may consider the case where there are two boxes Bi and B2, Bi C B2 such that OA C 



B2 \ Bi. In this case Corollary 2.6 is valid with meaSu-i{dB) on the r.h.s. of (2.7) - (2.10) 
replaced by meaSi^{B2 \Bi). 

We turn to the proof of Theorem [2.4| . By Hq + V + oob and Hq + y + oo^c we denote the 
operator Hq + V on L?'{B^) and L^{B) respectively with Dirichlet boundary conditions on dB. 
These notations are motivated by the fact that the operators Hq + V + oob and Hq + V + oob'^ 
can be understood as limits of Hq + V + kxB and Hq + V + kxB'= respectively as A; ^ 00 
(see e.g. [12]). Using the decomposition L'^{W') = L'^{B) © L?'{B^) these operators can be 
identified with the operators Q®{Hq + V + oob) and {Hq + V + oob<:)®Q acting on the whole 
Li^iMy), so we will use the same notations for these operators. 

First we prove the following auxihary inequalities 



g 
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Lemma 2.7. Let B C W be a compact set. Let V be a measurable function such that V+ G 
K^^'' and V- G K^. Then for any t > 



J2 



-u/i 



-t{Ho+2V-)/2 



(2.11) 



3||xbP.{^b= < t/2}\\\': + \\E.{xB{Xty,TBc < t/2}\\y' 



;i - XB)e 



-t(Ho+ooB) 



J2 



< (27rt) 



-t(Ho+2V-)/2 



3||(1 -xb)P.{^b < i/2}|li(' + - XB{Xt);TB < t/2}||^(') . 



(2.12) 

Proof. First let us prove ( [2.1 1[ ). We write the operator under the norm in the form XBD{t) with 

(2.13) D{t) = e-*(^°+^) - e-t{^^o+F+oosc)^ 

By the semigroup property 

D{t) = e-*(^°+^)/2^(V2)+I)(t/2)e-*(^«+^+°°s=)/2 

(2.14) = D{t/2f + D(t/2)e-*(-f^"+^+°°s^)/2 + ^-t{Ho+v+coBc)/2 j^(^^^2), 
and therefore 

\\XBDit)\\j, < \\xBD{t/2f\\j, 
+ ||xij£'(t/2)e-*(^°+^+°°^=)/2||^^ 

(2.15) + ||D(t/2)xBe-*(-^«+^+°°«=)/2||^^^ 

where we have used e~*(^o+^+°°-Bc) = e~*(^o+^+°°-B")xs and the fact that \\A*\\j^ = \\A\\j^. 
By the Feynman-Kac formula 



E^jexpj-^ V{Xs)ds^f{X, 
-E,|exp|-^V(X,)ds|/(Xt); r^c > t 

exp|-^V(X,)ds|/(Xt); r^c < t| >0 



(2.16) = I 

if / > 0. Thus D(t) preserves positivity. The same is obviously valid for the operator 
^-t{Ho+v+ooBc) _ Also e-*(^o+^) and e-^^^o+v+oogc) bounded operators from to L°° 
[44]. Therefore we can apply Lemma kA (see Appendix) to estimate ( 2.15 ) thus obtaining 

\\XBD{t/2f\\j, < \\xBDit/2)\\^,2\m/2)h, 



XBD{t/2)e 



't{Ho+V+ooBc)/2 



J2 



< \\xBDit/2)\\ 



00,2 



Z)(t/2)xBe-*(^''+^+°°«=)/2 < \\D{t/2)xB\U2 

J2 



1,00 ) 

't(Ho+V+ooBc)/2 
■'t(Ho+V+ooBc)/2 



2,00 



2,00 



By Lemma [A.3| 



-t{Ho+V)/2 



2,00 



< (27rt) 



-U/4: 



-t{Ho+2V)/2 



1/2 



By the monotonicity property (A.l) 



-t(Ho+2V)/2 



< 



-t{HQ+2V-)/2 
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Applying the Schwarz inequality with respect to the Wiener measure to the Feynman-Kac for- 
mula we obtain 



< <^ exp <^ 



E^. <^ exp <^ -2 



j'\{X,)ds^-TBc>t/2^ (E.{|/(X,/2)n)^/' 



< E^ <^ exp 



t/2 



1/2 



V{Xs)ds 



(E.{|/(X,/2)P}) 



1/2 



for any f ^ L"^. This leads (see the proof of Lemma |A.3| in the Appendix) to the inequality 



(2.17) 
and thus 



-t(/fo+V+oosc)/2 



2,oo 



< (27rt) 



-p/A 



-t(Ho+2V)/2 



1/2 



\D{t/2)\\2,oo < 2{2Tlt) 



-p/A 



-t{Ho+2V)/2 



1/2 



Now we estimate ||xs-D(i/2)||oo,2- From the Feynman-Kac formula ( [2.16[ ) with / = 1 by 
means of the Schwarz inequality with respect to the Wiener measure we obtain 



(Z)(t)l)(x) < (^E,|exp|-2^V_(X,)ds||^ ^ (Px{rBc < t}) 



1/2 



and hence 



||Xi?^(t)||oo,2 < sup (b, |exp|-2^ ||xbP.{^b= < OIIli'- 



Now we note that 



1/2 



,-t{Ho+2V-) 



1/2 



sup (^E^ I exp I -2^ y_(X,)ds||^ 
We turn to the estimate of |[Z)(t/2)xs||oo,2- To this end we write 

{D{t)xB){x) = E, jexp |- ^ V{Xs)ds^ XsiXt); tb^ < t 

1/2 



-t(Ho+2V-) 



1/2 



< (^E,|exp|-2^V_(X,)(is||^ {B,{xB{Xt)-TB^<t)}) 



1/2 



< 



-t{Ha+2V-) 



1/2 



{BAXB{Xty,TB^<t)]f'^. 

This completes the proof of the inequality ( [2.1 1| ). 

The proof of ( 2.12 ) follows along the same lines. Denoting 

D{t) = e-*(^n+^sV') _ g-t(//o+ooB) 

we obtain 

D{t) = e-*(-^o+^s^)/2^(i/2) +I?(t/2)e-*(^«+°°s)/2 

= D{t/2f + D(V2)e-*(-^°+°°s)/2 ^ e-*(^o+°°^)/22)(t/2), 



10 

and therefore 
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{i-xB)Dmj.<m-xB)Dit/2f\\j, 
+ 



+ 



(1 - XB)£'(t/2)e-*(^o+~^)/2 
D{t/2){1 - Xij)e-*(-^«+°°s)/2 



J2 



Again by Lemma |A.4| 

\\{\-XB)B{tl2f\\j, < \\{l-XB)D{t/2)\\^,2 



't{Ho+XBV)/2 



2,00 



+ 



,-t(Ho+oos)/2 



2,00 



|(l-Xi?Mt/2)e-*(^«+--)/2||^, < ||(l-xij)l)(t/2)||oo,2 
|I)(t/2)(l-XB)e-*(^°+°°-)/2||^^ < l\D{t/2){l - xb)\\o.,2 



By ( |2.17| ) and by the monotonicity property ( |A.ip 

< {27Tt)'''/^ 



-t{Ho+ooB)/2 



2,00 



1/2 



< (2711)-"/* 



-t{Ho+(x,B)/2 



-t{Ho+(x,B)/2 



,-t{Ho+2V-)/2 



2,00 
2,00 

1/2 
00,00 



By Lemma |A.3| and again by the monotonicity property ( |A.1| ) 



-t{Ho+XBV)/2 



2,00 



< {2iTty/^ 



-t{Ho+2xBV)/2 



1/2 



< {2-Kt) 



-u/A 



~t{Ho+2V-)/2 



1/2 



By the Feynman-Kac formula we obtain 

(Z)(f)l)(x) < (^E,|exp|-2^V_(X,)xij(X,)ds||^ ^ (Px-{rB < t}) 
which immediately gives 

||(l-XBMt/2)||oo,2< 



1/2 



^-tiHo+2V-)/2 



1/2 



:i-Xi?)P.{rB<t/2}l|^(' 



Further we consider 

{D{t/2){l-XB)){x) 



E^jexpj-^^ y(X,)ds|(l-XB(^t/2));^B <*/2| 



< 



't{H„+2V-)/2 



1/2 



{B,{l-XBiXt/2);rB<t/2}f\ 



which completes the proof of ( |2.12| ). 



□ 



We are now in the position to prove the estimates ( |2.3| ) and ( |2.5| ). We write 



XBe-*(^»+^) - XBe-*(^«+^^^) 



^^^-t{Hn+XBV) _ ^-t{Ho+XBV+ooBc) 



and apply Lemma p77| . This gives Similarly we obtain ( |2.5| ). 

We turn now to the trace class estimates (2.4) and (2.6). As in the Hilbert-Sclimidt case we 
start with an auxiliary lemma: 
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Lemma 2.8. Let B <Z be a compact set. Let V be a measurable function such that V+ G 

K^°'' and V- G K^. Then for any t > 



Ji 



't(Ho+2V-)/2 



1/2 



-t(Ho+iV-)/4: 



1/2 



(2.18) 



(1 _ ^^^e'^^iHo+xsV) _ g-i(//o+V+oos) 



< 2 



1-1//4 



'u/2 



-t{Ho+2V-)/2 



1/2 



-t(Ho+iV-)/4: 



1/2 



(1 - XB)P.{rB < tm'/^hi + ||E.{1 - XB{Xt);TB < t/2}^/^\\Li) . 



(2.19) 

Proof. We prove (2.18) only since the proof of ( [2.19| ) follows along the same lines. Again we 
use the representation of the operator under the norm in the form XBD{t) with D{t) being 
defined by ( 2.13) ). By means of the identity ( 2. 14[ ) we estimate 

WXEOmj. < \\Dit/2)\B\\j, 

+ ||e-t{Ho+y+oo,.)/2^^^(^/2)xB||ji 
(2.20) +||e-*(^«+^+~s^)/2^BZ)(t/2)||^,. 

Choose an arbitrary / G with ||/||i2 < 1 and consider 



mt)f)i^)\ 



E,|exp|-^V(X,)(is|/(Xt);rBc <t| 



1/2 



< supsup ( <! exp <! -2 / V^{Xs)ds } \f{Xty^ 
f ^ 



1/2 



(Pa- {tb^ < t}) 



1/2 



-t{Ho+2V-) 



1/2 
l,oo 



(P. {rB^<t})'/'. 



Similarly we have 

\{D{t)xBf){x) 



l^jexpj-^ V{Xs)ds'jxB{Xt)f{Xt);TBc<tj 
< (^E,|exp|-2^V_(X,)(is||/(Xt)|2|^ ^ {BAXB{Xty,TBc<t})^^^ 



< 



,^t{Ho+2V-) 



1/2 



l,oo 



(E, {XB{XtyTBc <t}) 



1/2 



Since D{t) preserves positivity and e KHo+V) ^ ^ t{Ho+v+caBc) bounded as maps from L^ 
to [ p4| ] we can use Lemma |A3| to estimate (2.20), which immediately leads to 



\XBD{t)\\j-. < \\D{t/2)\\ 



1,2 



,-t(Ho+2V-)/2 



1/2 



l,oo 



\E.{XB{Xt):TBc<t/2Y'^\\L^ 



+2 



-t{Ho+V+ooBc)/2 





^~t{Ho+2V-)/2 


1/2 II 


1,2 




l,oo 



\XBP.{rB^ <t/2y^^\\Li 
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Since ^-K^o+V) self-adjoint, by duality (see e.g. [44]) we have 
(2.21) 



g-t(//o+V)/2 










1,2 




2,oo 



Applying Lemma A.3 we obtain 



-t(Ho+V)/2 



1,2 



< (2vrt) 



-t(Ho+2V)/2 



1/2 



From (2.21), (2.17) and the monotonicity of the norm (A. 1) it follows that 



-t{Ho+V+ooB<=)/2 



1,2 



< (27rt)-'^/^ 



-t{Ho+2V)/2 



1/2 



< (2vrt) 



-t{Ho+2V-)/2 



1/2 



By the semigroup property and by (2.21) 



-t(Ho+2VL)/2 



< 



l,oo 



-t{Ho+2V-)/4: 



1,2 



-i(Ho+2y-)/4 



2,oo 



-i(Ho+2V_)/4 



2,oo 



Applying now Lemma |A.3| to the r.h.s. of this inequality we obtain 



-t(^^0+2V-)/2 



l,oo 



< M 



-u/2 



-t(Ho+4V-)/4: 



thus completing the proof of (2.18). 



□ 



Similar to the case of the Hilbert-Schmidt norm this lemma immediately yields (2.4) and 

D- 



Now we can prove the statements formulated in the Introduction (equations (1.4) and (1.6)): 

Theorem 2.9. Let V be such that V+ G K]^'^ and V- € K,^. Then for any g ^ Cq and any 
sequence of boxes A tending to infinity 

lim (meas(A))-i tr [xa {g{Ho + V) - g{Ho + xaV))] = 0, 

A— >oo 

and 

lim (meas(A))-i tr [(1 - xa){9{Ho + XA^) - 5(^0))] = 0. 

A^oo 

Proof. Given 5 G Cq by the Stone-Weierstrass theorem we can find polynomials Pk{X) in e"'^ 
such that 

supe^lg(A) -Pfc(A)| ^0, sup |5'(A) - P^(A)| ^ 0, A = \J speciHo + Va) , 



as ^ 00 (see [44]). Indeed, denoting x = e ^ ^ (0, exp(— inf A)] and g{x) = g{—logx) 
we can find polynomials Pk{x) such that 

(2.22) sup \g{x) - Pk{x)\ 0, sup \g'{x) - Pfc(x)| 0, sup \g"{x) - Pk{x)\ 

XXX 

and Pk{0) = Pfc(O) = 0. Since inf spec(-ffo + ^a) depends on the Kato norm of Va only, the 
set A is bounded below. Let xq be such that < xq < inf supp g. By ( p.22| ) 

\g{x)-Pk{x)\ \g'{x)-P!^{x)\ 
sup > 0, sup > 

x>xo X x>xo X 

as k ^ 00. For x G [0, xq] by the mean value theorem we have 

\g{x)-Pk{x)\ 



sup 

a;G[0,a;o] 

sup 

xG[0,a:o] 



W{x)-PUx)\ 



Pk(x) I, w 

sup < sup \Pi.[x)\ 

xe[0,a;o] xe[0,xo] 

sup < sup \P',l{x) 

a;G[0,a;o] xe[0,xo] 
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as k ^ oo. 

Let Fk{X) = e^[g{X) - Pfc(A)]. Obviously 

tT[xAig{Ho + V)-g{Ho + XAV))] = 



(2.23) 
Then 



tr [xAig{Ho + V)-PkiHo + V))] 

- tr [xAig{Ho + XaV) - Pk{Ho + XaV))] 

+ tr [xAiPkiHo + V)- Pk{Ho + xaV))] . 



|tr {xAgiHo + V)xA - XAPkiHo + V)xa)\ 
= tr (xAe-(^°+^)/^F,(i7o + y)e-(^«+^)/2xA 
< l|i^fc||L-tr(xAe-(^°+^)xA), 

|tr {xAg{Ho + xaV)xa - XAPkiHo + XaV)xa))\ 
= tr (xAe-(^"+^'^^)/2Ffc(/7o + XA^)e-(^°+^^^)/2^ 

< ||i^fc||L-tr(xAe-(^°+^^^)xA). 
Dividing these inequalities by meas(A) and taking the limit A ^ oo gives 

m{meas{A))-^\tv[xA{g(Ho + V)-Pk{Ho + V))]\ < C\\Fk\\L^, 

A^oo 

mimeas{A))~^\tr[xAigiHo + XAV)-PkiHo + XAV))]\ < C\\Fk\\L^ 

A^oo 



with an appropriate constant C > independent of k. The third term on the r.h.s. of ( |2.23| ) can 
be written in the form 



with Qj being the coefficients of Pfc(A), and thus by Corollary ^ 

lim (meas(A))-i tr[xA(Pfc(^o + V)- Pk{Ho + xaV))] = 

for any k. We have proved that 

ISI {mea.s{A))-'\ti[xA{g{Ho + V) - g{Ho + XAVm < 2C\\Fk\\L^ 

A— >oo 

for any A; € N. Taking the limit k —>■ oo proves the first part of the claim. 
To prove the second part we write 

ti[{l - XA){g{Ho + xaV) - g{Ho))] 

= tr[giHo + xaV) - Pk{Ho + xaV) - g{Ho) + Pk{Ho)] 
- tv[xA{g{Ho + XaV) - Pk{Ho + xaV))] 
(2.24) +tj:[xA{giHo)-Pk{Ho))]+tv[il-XA)iPkiHo + XA)-PkiHo))]. 

Here the second and third terms can be considered as above thus giving 

m (meas(A))-i| tr [xA{giHo + XA^) - Pk{Ho + XaV))] \ < C\\Fk\\L^, 

A^oo 

]hR{meas{A))-^\ti[xA{g{Ho)-Pk{Ho))]\ < C\\Fk\\L^ 

A^oo 
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with an appropriate constant C > 0. The fourth term divided by meas(A) by Corollary 
tends to zero as A — > oo for any k £ N. Let Ffc(A) = g{X) — Pk{X). By assumption F £ C"^ 
We write now the first term on the r.h.s. of ( |2.24| ) in the form 

tv[g{Ho + xaV) - Pk{Ho + xaV) - g{Ho) + Pk{Ho)] 

Fl,{X)({X;Ho + XAV,Ho)dX, 



where ^{X; Hq + xaV, Hq) is the spectral shift function for the pair of operators (Hq + xaV, 
Hq). It can be constructed from the spectral shift function for the pair (e^*(^o+XA^), e~*^°) by 
means of the invariance principle. Thus the absolute value of the first term on the r.h.s. of ( |2.24D 
can be bounded by 



/ 



Fl,{X)MX;Ho + XAV,Ho)\dX= / |e^F^(A)|e-^je(A; + XA^, i^o)|dA 



Ji 



<sup|e^F^(A)| / e~^\aX;Ho + XAV,Ho)\dX<sup\e^F;,{X)\ 

By Theorem ^TJ and Lemma ^ it follows that for any A; G N 

Ik^^ (meas(A))-i| trb(Fo + xaV) - Pk{Ho + xaV) - g{H^) + Pk{H^)]\ 

A-+00 

<Csup|e^F^(A)| 
aga 

with some constant C > independent of k. Taking the limit k —>■ oo completes the proof. □ 



Corollary 2.10. If the density of states measure exists, then for any g £ Cq and any sequence 
of boxes A tending to infinity 

Ka) - f^oig) = lim (meas(A))-^ tr [g{Ho + xaV) - g{Ho)] 



A—fOo 



(2.25) 



lim (meas(A))-i / g' {X)C{X; Hq + xaV, Ho)dX. 



Conversely, if the limit on the r.h.s. of (2. 25) exists then also the density of states measure exists 



and the equality f P.25| ) holds. 



Remark 2.11. Actually in the formulation of Theorem and Corollary |2.iO| instead of a se- 
quence of boxes A we can take a sequence of arbitrary domains with piecewise smooth boundary 
tending to infinity in the sense of Fisher 



Before we complete this section we mention one more consequence of Lemma Let 
H = Hq + V with Vl|_ G K]^'^ and V- G K,^. For an arbitrary bounded open set B denote 



H 



{H + oob) ® {H + ooB-)- 



Corollary 2.12. For any t > 



-tH 



-tH 



(D) 



Jl 



,-tiHo+2V-)/2 



1/2 



,-t(Ho+4V_)/4 



1/2 



■0 



IxbF.Itb^ < tm'/^hi + 11(1 - XB)F.{rB < t/2}'/'||Li 
(2.26) +\\B,{xB{Xt);TBc < t/lj^/^hi + ||E.{1 - XB(^t); tb < t/2}^/^\\Li 
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Proof. We estimate 



and apply Lemma [ 



< 



+ 



(1 - XbY 



-tu 



-t{H+ooB) 



Ji 



□ 



If 1? is a domain with convex boundary (e.g. a box or a ball) by means of Lemmas g3| and 



2.5| the expression in the brackets in ( |2.2q ) can be bounded by meaSu^i{dB). Let us fix some 
E > — inf spec(i7) > 0. Due to the operator identity 

1 



{H + EY 



Tim) 



for all m > i^/2 one can easily obtain the estimate 



Ji 



< Cmea,s,y-i{dB). 



Inequalities of this type were studied earlier by Alama, Deift and Hempel ^ and by Hempel 
I®- 

3. Lattices of Potentials 

Let L = = {xjljgz" be a lattice in M*^ with basis {ak}'j^^i, i.e. every can be uniquely 
represented in the form xj = aiji + . . . + a,yj,y with some j = {ji, . . . G . With 
this lattice we associate the Birman-Solomyak class Z'^(-LP;L), which is the linear space of all 
measurable functions for which the norm 




\f{x)Y'dx 



is finite. Here A?" is an elementary cell in W defined by L and centered at x = xj. In the case 
L = Z'' we have /'?(LP;L) = I'' {LP), the standard Birman-Solomyak class |Q associated 
with the integer lattice Z'^ 



/"(LP) =/'?(LP;Z'^) 



/ 



q/p 



< oo 



where Aj are unit cubes with centers at x = j. In particular, 1^{L'^) C L^iMy) n L^(M'^) for all 
V. It is easy to see that the norms corresponding to different L's are equivalent, i.e. for arbitrary 
lattices Li and L2 of the above form there is < c < 1 such that 



U'?(LP;Li) < ll/ll/9(LP;L2) < C 

for all / G li{LP). 

Here we will consider potentials having the form 

(3.1) n^) = 

where xj € L*^ and /j is a family of real-valued functions which are in the Birman-Solomyak 
class 1^{L'^) uniformly, i.e. 



(3.2) 



sup ll/j 



< 00, V sup Wxa'^'^Ml^ < 0°' 
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and if z/ > 4 in addition uniformly in for some p > i.e. 
(3.3) sup ll/jllip < oo. 



Under the conditions (3.2), ( |3.3[ ) the potential V is in L^^jf 



locV 



^'') ^ ^unif,loc( 



for z/ < 3 



and in LLif,ioc(I^") n ^Lf,ioc(^") ^o^e p>u/2ifu> 4. (Recall that F G i.Lf,ioc(I^") 
iff supj^ J|2;_j^|<i |l^(x)|Pdx < oo). Thus 1/ € and therefore if = Hq + F is defined in the 
form sense with Q{H) = Q{Hq) and is self-adjoint. 



Denote 



Va 



jeA 



such that Va ^ V a.e. as A ^ oo. Now we formulate the main result of the present section: 

Theorem 3.1. Let the potential V will be given by {3.1) such that (3.2) and ( |?. j] ) are fulfilled. 
Then for any g ^ Cq and any sequence of boxes A tending to infinity 

lim (meas(A))-i ti[g{HQ + XhV) - g{Ho + Va)] = 0. 

A-+00 

As above instead of boxes we can take a sequence of arbitrary domains with piecewise smooth 
boundary tending to infinity in the sense of Fisher. We start the proof with the following 

Lemma 3.2. Let Vi, V2 be such that {Vi)+ G /sT^f^ {V)- £K^,i = 1,2 and V1-V2 e 1^{L'^). 
Then for allt>0 there is a constant Ct depending on t only such that 





-tiHo+V2) 








< Ct sup 


^~t(Ho+Vi)/2 


sup 




re(0,t) 






2.2 re(0,t) 





2,2 



(3.4) 



^-t(Ho+2Vi)/2 




^-t(Htt+2V2)/2 






1,00 




1,00 



11^1 - V, 



1 - l'2|Ui(L2). 



Proof The proof of that Vi - ^2 G ^H^^) implies exp{-t(i7o + Vi)} - exp{-t(ifo + ^^2)} 
is trace class was given by Simon Q]. To obtain the estimate ( [3.4] ) we simply repeat the 
arguments of Simon explicitly controlling the constants in the intermediate estimates. 
We make use of the DuHamel formula and write 

ft 



-t(Ho+Vi) 



't(Ho+V2) 



-(t^s){Ho+V2) 



Jo 

Jt/2 

- CdTe-'<''^+^^^'\Vi-V2 
2 Jo 

g-tT(i/o+Vi)/2g-t(//o+Vi)/2^^^ _ y^y-til-T)(Ho+V2)/2^ 



/2le <Ho+V2)/2^-t{l-r)(HQ+V2)/2 



which holds initially weakly. However, by means of the estimate ( |A.2| ) with p = q = 2 and the 
fact that {Vi - y2)e-*(^"+^2) and e-*(^o+^i)(yi - V2) are trace class [M Theorem B.9.2] this 
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identity can be seen to hold in tlie trace norm sense. Therefore we obtain 



g-t{Ho+V\) _ ^-t{Ho+V2) 



< 5 / <ir 



Jl 

-tT{Ho+Vi)/2 



2,2 



,-t(l-T)(Ho+V'2)/2 



2,2 



Jl 



+ 



< o sup 

^ re(0,t) 



-t{Ho+Vi)/2 



sup 

2'2 Te(0,t) 



-t{Ho+V2)/2 



Jl 



2,2 



t{Ho + Vl)/2^y^_y^^ ^ ^y^_y^^^-tiHo + V2)/2 



Jl 



Jl 



Now we prove that for any g € I {L ) and any t > 



't{Ho+2V) 



1,00 



ll5llii(L2) 



with a constant q depending on t only. We write 



ye 



-t{Ho+V) 



^t{Ho+V) 



giving the a priori estimate 



:72 



2^-iy^-^(/^o+y)/2 



J2 



From the inequality [ 43 , 44 ] 



(3.5) 



1/2 



which is an easy consequence of the Feynman-Kac formula, we obtain 

1/2 

{x,y) < sup e-*^^«+'^^(x,y) [e-'"°{x,y)] 



-t(Ho+V) 



(3.6) 

and thus for any h ^ L'^ v/e obtain 



't{Ho+2V) 



1/2 
1,00 



1/2 



^g-t(ffo+V)/2 



J2 



< 



< 



-t{Ho+2V) 



-t(Ho+2V) 



-t{Ho+2V) 



1/2 

IjCXD 

1/2 

1,00 
1/2 

1,00 



dx I dy \h{x)\'^e-*^»l'^{x,y) 



1/2 



|L2 



|L2 



sup / e-*-^°/2(x,y) 



1/2 



-tHo/2 



1/2 
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G L^(]R'') we obtain 



t(/fo+y)/2 



J2 



(1 + (.)2^)-!^g-t(Ho+V(-j)/2 



J2 



< 




1/2 




1/2 / 


/ 






l,oo 




00,00 Y 


./IB" 



J. (1+X2)2- 



1/2 



Now consider the operator gxA^e *(^o+V)/2^-|^ + (• — j)^)*^ with an arbitrary g e 1^{L'^). One 
has 



From the inequality ( p.q ) it follows that 

(1 + (x -if)-'' e-*(^«+^)/2(x,y) (1 + (y - 



< 



^-t{Ho+2V)/2 



1/2 



1,00 



1 1/2 



J2 



2ni/ 



(i + (y-jr) 



Since e (x, y) is translation invariant it suffices to estimate the Hilbert-Schmidt norm of the 
integral operator with kernel XAo(3;)(l + x2)~''e~*^o(x, y)(l + ifY . From the inequality 

(l + /r <C[(l + x2r + |x-y|2n 



(see the proof of Lemma B.6.1 in p4j]) we obtain 

XAo(^)(i + a:^)-'^ [e-*^°(^, y)] (1 + y')'^ 

which is obviously square integrable with respect to the measure dxdy. □ 



We will need a weaker form of ([3.4|). First we note that by the semigroup property and by the 

-tH\\, ^ _ iie^*^||2_oo since e~*^ is self-adjoint) we have 



duality (||e 



|1,2 





< 


^-t{Ho+V)/2 




g-t(Ho+y)/2 




^-t{Ho+V)/2 




1,00 




1,2 




2,00 





2 

2,00 



By Lemma A. 3 



-t{Ho+V) 



2,00 



-t{Ho+2V) 



00,00 



Since \\e~^(^o+^^ ||2,2 < ||e-*('^o+^) ||oo,oo (see Theorem Oh from Lemma ^ it follows that 



^-t(Ho+Vi) _ ^-t{Ho+V2) 



< Ct{2TTt)-" sup 

re(0,i) 



-r(Ho+yi)/2 



sup 

00,00 re(o,t) 



r(/^0 + V2)/2 



(3.7) 



,-t(Ho+4yi)/4 



-i(Ho+4y2)/4 



11^1 - ^2!bi(L2)- 



By the inequality (A.2) both suprema are finite. 
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Lemma 3.3. Let f G L^(M'^). For any sequence of boxes A such that A — > oo 

lim — — [ dx [ dyf{x — y) = 0. 

A^oo meas(A) J^c 

A similar statement holds in the discrete case. If f ^ then 

lim — i — - /(j - k) = 0. 

77- LJ J jgX'^keZ'' 

jeA k^A 

Certainly this lemma remains valid for much more general domains than boxes, but we will 
not go in the details here. 

Remark 3.4. Let v > 2. Suppose that f is integrable with an exponential weight, f £ 
Li(M^;e°l^ldx). Then 

dx dyf{x — y) = 0{m.eas,y_i{dK)). 
J A JA= 

In the discrete case / G /HZ'';e"ljl) implies that 

E /(j-k)=0(meas._i(aA)). 

jeA k^A 

Proof of Lemma [0[ Without loss of generality we may suppose that / > 0. First we consider 
the case v = \.\t suffices to prove that 

Y i-R /-oo 

(3.8) lim - dx dyfix - y) = 0. 

R~^oo K , n ./R 



Obviously 

dx I f{x - y)dy 
R 



[ F{-x)dx = R [ F{-xR)dx, 
Jo Jo 



where 

F{x) = r f{y)dy. 

J — oo 

The function F{x) is monotone non-decreasing, F(— oo) = 0, and F(oo) < oo. Therefore 
F{-xR) < F{-x) for all x G [0, 1] and R>1. Since F{-xR) pointwise as ^ oo by 
the Lebesgue dominated convergence theorem we obtain (3.8). 

Now we turn to the case u > 2. According to the decomposition R'^ = MSM'^^^ we represent 
A = Ai X A2. Obviously, 

dx dyf{x -y) < / dxi dx2 / dyi / dy2fix - y) 
Ja Ja'^ Jai Ja2 Jai 7r'^-i 



where 



By the Fubini theorem / G L^(M). Since meas,y(A) = measi(Ai) meas,y_i(A2) by ( P^ the 
claim follows. In the discrete case the claim can be proved in the same way. □ 



meaSi._i(A2) / dxi / dyif{xi - yi), 
Jai 



fixi -yi)= / dy2fix - y). 
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Proof of Theorem 3J_. For simplicity we consider the case L*^ = Z*^. The general case can be 
considered in the same way. In the estimate (3/7) we set Vi = XA^ V2 = Va- By the 
mono tonicity property of the Schrodinger semigroups (AA) we have 

't{Ho+XAV) 



for all A's. Since K_ G K,, the norm \\e't(HQ+v^) ||^^ finite for all t > 0. Thus it follows 
that for any t > there is a constant C > independent of A such that 

-t(^^o+XAV)-e-*(^o+^A) 



< 


^-t{Ho+V-) 




00,00 




00,00 


< 


g-t(Ho+y_) 




00,00 




00,00 



< 



Jl 



C||XA^ - ^a||/1(l2)- 



Obviously we have 

WxaV -yA\\li(L^) < 



(1 -xa) Y1 f}^' 



jeA 



/1{L2) 



Yl -^j^' ~ 



«i(L2) 



jeA<= 



jeA 



Without loss of generality we can choose boxes A such that 

1 - XA = E ^-^j = E 



jeA'^ 



jeA 



and then we obtain that the r.h.s. of this inequality is bounded by 



jeA kGA-^ 



jez"" kez"" 
jeA'^ keA 



(3.9) 



E E IIXAk/j(- -j)llL2 + E E IIXAk/j(- -j)llL2 
jeZ" kGZ"' jGZ" kGZ'' 

jeA keA-^ jeA<= keA 

E E IIXAk_j/jllL2 + E E IIXAk_j/jllL2, 



jeZ"' kez"" 
jeA keA-^ 



jez"" kez" 
jeA= keA 



where in the last step we have used the invariance of the norm with respect to translations and 
the fact that XAy^i^ + j) = XA^^j{x)- The assumption that the family /j is uniformly in /^(L^) 
(see (3.2)) implies that 

9} = sup ||xAj/k||L2, j G 
keZ" 



is summable, i.e. g G I {Z'^). Since ||xAk_j/j||L2 < S'k-j we can estimate the r.h.s. of (3^) by 

E E ^^k-j + E E ^k-j- 

jez'' kez" 
jeA keA'^ 

Applying now Lemma ^ we obtain 



jez" kez" 
jeA= keA 



lim (meas(A)) tr 

A-^oo 



't{Ho+XAV)-e-*^"o+VAy 



0. 



Now applying the arguments used to prove Theorem completes the proof. 



□ 
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4. Cluster Properties of the Spectral Shift Function 

Consider a potential V different from zero on a set of positive Lebesgue measure such that 
V- G K,y and V+ S K]^'^. Let A be an arbitrary open set such that Int(suppy) C A. Consider 
some decomposition of A into two disjoint parts Ai and A2 such that A = Int(Ai U A2). 

Definition 4.1. We call the open sets Ai and A2 complete extensions of hi and A2 respectively 
iff _ _ 

(i) Ai U A2^= _ 

(ii) Ai C Ai, A2 ^ A2 

(Hi) Ai n A^ = n A^, A2 n A7 = A7 n A^. 

Remark 4.2. The condition ( Hi) says that the common boundary of Ai and Ai is the same as 
that of Ai and A2 and of A2 and Ai. 











supp V 


A2 



Fig. 1. Illustration to the Example 4.3 



Example 4.3. Consider some V with compact support and choose a box A such that supp^ C 
A. Take an arbitrary hyperplane dividing A into two parts, the interiors of which we denote by 
Ai and A2. Complete extensions Ai and A2 are simply the open half-spaces containing Ai and 
A2 respectively ( see Fig. 0j. 
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Theorem 4.4. Let V be a potential with compact support such that V+ € K]^^ and V- £ K^. 
For any t > and arbitrary domains Ai , A C M'' such that Ai U A2 5 supp^ 



^~t{Ho+V) _ g-t(Ho+XAiV) _ ^-tiHo+XK^V) g-tHo 



< 23-^/4(7rt)-^ 



/2 



-t(Ho+2V-)/2 



1/2 



Ji 



1/2 



•(llxr^P.W^ < V2}'/'IIli + IIe.{xa;;ta, < 1/2)^1^^. 
+||xx;P.{^Ai < V2}'/'IIli + I|e.{xx;;ta, < t/iY'^U^-), 



LAj- • L'Al ^ -/ -J 111,- I n--.|.AA2 

where Ai a?i<i A2 are complete extensions of Ki and A2 respectively. 
Proof. We write = ^a,^, « = 1, 2 such that F = 14 + V2 and 



^Ai 



g-t{Ho+yi+y2) _ ^-t{Ho+Vi) 



(4.1) 



^Aa 
-t(Ho+V-i) 



g-t(/f0 + Vl+V2) _ ^-t{Ho + V2) 



^ , g V _ g 



Consider the first term on the r.h.s. of this expression. We represent it in the form 



I (,-t{Ho + Vl+V2) _ g-t{Ho+yi+OOA2) 



The proof now closely follows along the lines of the proof of Lemma 2.8. Denoting 



we obtain 



= ^-t{Ho+Vi+V2) _ g-t{Ho+yi+OOA2) 



\XKD{t)\\j. < \\D{t/2)\j^^\\j, 



+ 
+ 



Jl 



Jl 



For an arbitrary / G L\W) with ||/||i2 < 1 we have 



\{mf){^)\ < 

and analogously 

mt)xrj){x)\ < 



1/2 
1,00 



1/2 



-t(Ho+2V-) 



1/2 



1,00 



Now by Lemma A. 5 it follows that 



< 2 


g-t(//o+V-)/2 




g-t(//o+2y-)/2 






1,2 





1/2 
1,00 



;P.{ta2 < tm^/^hi + ||E.{xA,(^t);rA2 < t/2yr^\\Li 



1/2 I 
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Similarly we obtain 



X]^ (e t(^^o+Vi) _ g-i(/fo+Vi+ooA2) 



< 2 


g-t(//0+V-)/2 




^-t{Ho+2V^)/2 






1,2 





1/2 
l,oo 



;P.{^A2 < i/2}'/'||Li + ||E.{xA;(XO;rA, < t/2}^/^||ii 



1/2 I 



Finally as in the proof of Lemma 0| we obtain 



\xxD{t)\\j. 



< 2 



1-1/ / 



-u/2 



-t{Ho+2V-)/2 



1/2 



P.{ta, < t/2}^/'\\Li + \\B,{xT'(Xty,TA, < t/2yr^\\Li 



,-t(i/o+4y-)/4 



1/2 I 



1/2 



The other terms on the r.h.s. of (p|) can be estimated in a similar way. 



□ 



Due to Lemmas ^ and from Theorem follows 

Corollary 4.5. Let A, Ai and A2 be such that as in Example 
there is a constant c > depending on t only such that 



-t(Ho+V) 



-tiHo+XKnV) 



+ e 



-tHo 



Ji 



If u > 2 then for any t > 
< c meaSi,_i(Ai n A2). 



lfv=l the same inequality holds if its r.h.s. is replaced by some constant. 
Corollary ^ imphes that for every t > 

e-*^ (e(A; + V, Ho) - ^(A; Ho + XA^V, Ho) - e(A; Ho + XA^V, ^0)) dX 

< c meas,y_i(Ai H A2). 

It is natural to pose the question whether such estimates also hold in the pointwise sense (i.e. for 
the spectral shift functions itself). The following example shows that the answer is in general 
negative. 

Example 4.6. Consider the hypercube Cl in M*^, u >2 centered at the origin with side length 
L. Denote by Hql minus the Laplacian on Cl with Dirichlet boundary conditions on OCl, 
i.e. HoL = —A + oocc. Let V be a bounded non-negative potential with support in the unit 
cube centered at the origin. Let En{H), n = 0, 1, . . . be the eigenvalues of a semibounded 
from below operator H counted in increasing order taking into account their multiplicities. Let 
N{X;H) = #{n| En{H) < A} be the corresponding counting function. Kirsch [24] proved 
that the difference 

4>l{\) = N{\- Hol) - N{\- HoL + V)>0 
is an unbounded function with respect to L > Ifor any A > 0, i.e. 

sup (t>L{X) = 00. 
L>1 

This obviously implies that the difference of the spectral shift functions 

V'l(A) = e(A; Hol + V, Hol) - C(A; Ho + V, Ho) 
= ^(A; Hol + V, Ho) - e(A; Hol. Ho) - ^(A; Ho + V, Ho) 
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is unbounded with respect to L > \ for any A > 0. On the other hand using the technique from 
the proof of Theorem one can prove that its Laplace transform 

/•oo 

^lW = / e-^'i^L^dX 







is uniformly bounded with respect to L > Ifor every fixed t > 0. 

5. Applications to Random Schrodinger Operators 
5. 1. Random Potential on Lattices. Here we consider random potentials of tlie form 

(5.1) VUx) = Y.aiiu;)f{--j), 

where aj(u;) is a sequence of random i.i.d. variables on a probability space (17, J, P) with 
common distribution k, i.e. 5^ is a cj-algebra on 17, P a probability measure on (17, ^) and 
k{B) = P{aj G B} for any Borel subset B of M. Let E denote the expectation with re- 
spect to P. The random variables {aj(i^)}jgz'' are supposed to form a stationary, metrically 
transitive random field, i.e. there are measure preserving ergodic transformations {T^}j^z'' such 
that aj(TkCij) = aj_k(i^) for all a; G 17. The single-site potential / is supposed to be supported 
in the unit cube Aq centered at the origin, supp/ C Aq = [-1/2, 1/2]'" and / G L'^{W). Ad- 
ditionally if > 4 the potential / is supposed to belong to LP{W) with some p > ij/2. Instead 
of the integer lattice in ( |5.1[ ) we can consider an arbitrary lattice h'^ as discussed in Section ^ 

Finally if / is sign-indefinite, i.e. both / > and / < on sets of positive Lebesgue 
measure, in this section we will suppose that supp k is bounded, i.e. there are finite a± such 
that a_ < aj(w) < a+ for all j £ and all a; G 17. Also if / > (/ < 0) then supp k is 
supposed to be bounded below (above), i.e. there is a_ > —oo {a-^- < oo) such that aj (lo) > a_ 
(Q!j(u;) < a+) for all j G and all G 17. These conditions can be relaxed by requiring that 
the expectations of certain quantities are finite. The corresponding modifications are obvious 
and we will not dwell on them. 

For an arbitrary box A we consider 

(5.2) K.,a(x)= ^aj(u;)/(--j). 

jeA 

For any t > denote 

^^.A(t) = tr (e-*(^o+v.,A) _ ^-tHo\ I e-^'^{X; Hq + K.,a, Ho)dX. 

We note that for arbitrary translations U (d), d G M'^, {U{d)f){x) = f{x — d) one has 

tr (^e-'^H,+u--VU) _ g-tHo^ ^ (^e-t(H„+y) _ ^-tH,~^^ 

Thus the metrical transitivity of aj(u;) implies that 

(5.3) ^T-^u),\{t) = ^uiA-iif)- 

By the monotonicity property (AJ) sup^ lle"*^^''"'"^'^^ ||oo,oo is finite. Therefore from Corol- 



lary 4.5 it follows that for any t > there is a constant C such that 



(5.4) |-^t^,A(i) - -^o^AiW - ^i^M{'^)\ ^ C'meas,,_i(S'i2) 

for any boxes Ai and A2 such that Ai U A2 = A and where 5i2 denotes the common surface of 
Ai and A2. 
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Let 

C 



From the inequalities ( 5^ ) it follows that for every fixed f > {t) is subadditive whereas 
J^^{t) is superadditive with respect to A. Indeed, e.g. for T^{t) we have 

C 

= -^w,a(0 ~ ^ivAii't) - J^ujMi'^) + (meas,y_i((?A) - meas,y-i(5Ai) - meaSi^-i(5A2)) 

< C meaS;y_i(S'i2) — C meas,y_i(S'i2) = 0. 



Now we show that 



and 

To this end we note that 

r_ = sup 



A meas(Aj 
1 

A meas(Aj 



1 



\ meas(A) 
1 

A meas(Aj 



E{-^J,aW} < oo. 



c 

IE { ^u>,h{t) - — meaSi._i(5A) 



n^lAit)} < sup 



jeA 



< sup sup E{ J-j;^^ (t)} = sup E{^+^^ (t)}. 



A je 



jeA 



By metrical transitivity 



IE{^c.A (*)} = IE{^T =c.,Ao(i)} = IE{^c.,A„(t)}. 



Further we estimate 



< 



^-t{Ho+ao(Lu)f) _ ^-tHo 



Jl 



By Theorem and Remark 2.2 this norm can be bounded by 



22-/4(vrt)--/2 



't{Ho+2W)/2 



1/2 



-t{Ho+iW)/A 



1/2 



with W{x) = min{0, Q!_/+(x), Q!+/_(x)}. Therefore for every t > the quantities 
supjgz" ^{-^u A- (*)} bounded and r_ < oo. Similarly we can prove that > — oo. 
Thus by the Akcoglu-Krengel ergodic theorem we obtain that for every t > the limits 

lim (meas(A))~^^^ A , (t) and lim (meas(A))^"'^.F7A.(t) 

A— >oo ' J A-^co ' j 

exist almost sure and are non-random. Thus we proved the first part of the following 
Theorem 5.1. For any t > the limit 



lim [ e''^aX;Ho + V^,A,Ho)dX 

A^oo meas(Aj 
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exists almost surely and is non-random. Moreover the integrated density of states N{\) exists 
and the above limits equals 

' e-^^{No{X) - N{X))dX. 

The second part of the theorem follows from the estimates of Corollary 
If / is sign-definite (say / > 0) and either all aj > or aj < there is a simpler proof of 
Theorem 5.1. From the inequality 

1 _ e-(«+fe) < (1 _ e-") + (1 - e"^), ab > 

by the Feynman-Kac formula (see |[T^] for details) it follows that 

< -^t<;,Ai(i) + -^^w.Aa (*) 

for all t > 0. By the monotonicity property of the spectral shift function with respect to the 
perturbation 15] Tuj,lv{'t) > if aj{uj) < 0. If aj(aj) > then by Theorem lA and Lemma 



2.3 we have 



inf(meas(A))"^E{J^^A(t)} > -oo. 

A ' 



Thus J^u).A{t) satisfies the conditions of the Akcoglu-Krengel theorem. 
Corollary 5.2. For all g ^ Cq the limit 

lim I g{X)^{X;Ho + V^^A,Ho)dX =: fi^{g) 

A^oo meas(Aj J 

exists almost surely and is non-random. Moreover 



fi^{g) = j g{X){No{X) - N{X))dX. 

More precisely Corollary ^ states that there is a set ili C U of full measure such that for 
all Lu G ill the limits exist for any g. 

Proof. As in the proof of Theorem 2^ given g £ Cq we approximate g{X) by polynomials 
Pk{X) in e"-^ such that 

supe^|5(A) -Pfc(A)| ^0, ^ = |Jspec(i7o + ^A) 



as A; ^ oo. Then 



J 5(A)e(A; Ho + V^,A, Ho)dX - J Pfc(A)e(A; Hq + V^,a, Ho)dX 
< J e^\g{X)-Pk{X)\-e-^\aX;Ho + V^,A,Ho)\dX 



< WFi 



k\\L° 



Jl 



where = e {g{X) — Pfc(A)). By Theorem gjj and Lemma ^ it follows that 



^^^ g(A;go + K.,A,go) ^, 
meas(Aj 



< C\\Fi 



k\\L° 



meas(A) 

with some C > independent of A and k. By Theorem |5]l] there is l^i C of full measure 
such that for any a; € l^i the limit 

lim (meas(A))-i / Pk{X)C{X; Hq + V^,a, Ho)dX 

A^oo J 
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exists and is non-random for any finite A; G N. Therefore 

lim / g(A) — dX- hm g{X) — dX <2\\Fk\\L-°, 

A-*oo J meas(Aj a-^ooJ meas(Aj 



which proves the first part of the claim. The arguments used above in the proof of Theorem [2.9 
give that if g ^ Cq then the relation 

lim [ g{X)a\;Ho + V^,A,Ho)dX= [ g{X){No{X) - N{X))dX 

A-^oo meas(Aj J J 

holds almost surely. □ 

Recall that if A < then ^ (A; Hq + K,,a, ^^o) = —N{X; Hq + Kj,a), the eigenvalue counting 
function for the operator -ffo + Kci,A- 

Corollary 5.3. The relation 

lim ^C(A; + K.,a> ^o) = -N(X) 

A^oo meas(Aj 

is valid almost surely for all X < which are continuity points of N{X). 



Proof. The proof is standard (see e.g. [ |34| , [33|]). Since the one-dimensional case was treated in 
detail in [ p7| ] we consider the case v >2 only. From Corollary 5^ it follows that for any g £ Cq 
supported in (— oo, 0) 



(5.5) lirn^ j 5(A)dC^,A(A) = -J g{X)dN{X) 

almost surely, where 

^u.,aW = (meas(A))-iC(A; Hq + V^,a, Ho). 
For A < by the Cwieckel-Lieb-Rosenblum estimate (see e.g. [^]) for > 3 

-(u.,a{X) < C7(meas(A))-i / \{V^,A{x))^\''/^dx 



(5.6) < C|min{0,a_}r/2||^^||./2^ ^^(^^^|0^^^|)./2||^_||^/2^ 

with some uniform constant C > 0. For = 2 by Proposition 6. 1 of [^] 

-C^,a(A) < C(meas(A))-^||(K,A)_||,i(i.) 

(5.7) < C|min{0,a-}|||/+||L- + Cmax{0,a+}||/-||L. 

for any a > 1. Note that the quantities on the r.h.s. of ( |5.6| ) and ( ^^ are finite. Indeed for > 4 
any compactly supported function / G L*'(M'^) with some p > 1^/2 belongs also to L'^^'^{W^). 
Similarly in the case < 3 any square integrable / with compact support belongs to L^iR'^) 
with arbitrary 1 < p < 2. 

Since ^(j,a(A) are monotone functions these estimates imply that for every lo G fl the family 
{'?w,a(A)}a is of uniformly bounded vaiiation on (— oo, 0). By Helly's Selection Theorem for 
every uj £ Q there is a sequence A,, i = 1,2,... such that limj^oo Ca;,A, (A) = S,^'^\X) for all 
those A G (— oo, 0) which are continuity point of ^('^^(A). By Helly's second theorem it follows 
from this that 

lim / giX)dC^,A^iX) = [ giX)dC^^\x) 
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for any w G $7 and any g ^ Cq with support in (—00, 0). From (^3]) it follows that 

g{X)d('^^\X) = - [ g{X)dN{X) 



for P-almost all a; G and all g £ Cq. Hence C^'^H'^) = -^^(A) + C a.e. with some constant 
C for P-almost all uj G Q. But S.^'^^X) = -N{X) = for sufficiently large negative A and 
thus C = 0. Now we note that two monotone functions which are equal almost everywhere 
can be different only at the points of discontinuity. This remark completes the proof of the 
corollary. □ 

5.2. Random Potential Concentrated near a Hyperplane. Consider a decomposition Z'^ = 

Z^i e Z"^ with i/i + 1/2 = I/, 1^1, U2> 1. Let 

(5.8) VUx) = J2 

Let now Ai be a box in M''^ c and we approximate by 

(5.9) K.,Ai(x) = 

jeAi 

As for the case of the lattice Z'^ we have 
Proposition 5.4. For any t > the limit 

lim [ e~'^a^;Ho + V^,A„Ho)dX=:C{t) 

exists almost surely and is non-random. 

The proof is completely analogous to that of Theorem 5A and therefore will be omitted. 
Corollary 5.5. For all g £ Cq the limit 

(5.10) lim I g{X)i{X- Ho + K;,a, Ho)dX =: fi{g) 

exists almost surely and is non-random. The linear functional fi{g) defines a distribution (of 
order 1) ^(A) such that 

Kg) = ! g{mx)dx. 

JR 

Moreover is related to the density of surface states functional i^sig) (^^^ 1 14> ^1) such that 
fJ-sig) = fJ-ig'), where 

l^sig) = lim ^ , . tr [xAixAalfiC-f^o + K^,Ai) - giHo))] , g ^Cq, 

Ai-*oo meaSi/j (Ai j 

A2^oo 

almost surely for arbitrary sequences of boxes Ai C M^^^, A2 C M'^^ tending to infinity. 

Remark 5.6. More precisely Corollary asserts that there is a set C Q of full measure 
such that for all u; € J^i the limits exist for any g. 

The almost surely existence of the limit ( |5.10 ) follows from Proposition 5^. To prove the 
second part of the claim it suffices to show that 



-tCit) = lim 7i~^ ti" 

Ai^oo meas,yj (Ai) 

A2-+00 
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In turn this follows immediately from the following 

Lemma 5.7. Let A = Ai x A2 a box such that Ai C 
every t > there are constants Ci , C2 > such that 



A2 C 



If ui > 2 then for 



-t{Ho+V^) _ -i(//o+K,,Ai) 



Jl 



< c\ meas,yj_i(9Ai), 



(1 - xa) (e~*(-^»+^--Ai) - e-*^o) < C2 meas^i_i(aAi) 
^ ' Jl 

for all u) Q. If vi = 1 the same inequalities hold if their r.h.s. are replaced by some constants. 

Proof Let A^; denote the complement of Ai in W^. Also we denote A'^ = Ai x [-1/2, l/2]'"2 
and (Af)' = Af x [-1/2, l/2]''2. Now we write 

XA (^e"*(^o+^") - e-*(^o+K.,Ai) 



Repeating the arguments used in the proof of Lemma 2.8 we obtain that both 



Jl 



and 

are bounded by 



XA e 



-t(H0+y„,Ai) _ -i(-f^0 + V^,Ai+OO(AC)/ 



-t(//o+2(K,)-)/2 



XaP.{^(aj)' < t/2Y'^\\Li + ||E.{xA(Xt);r(Acy < t/2yr^\\Li 



1/2 



-t(i?0+4(K,)-)/4 



1/2 



1/2, 



< 2^-^/\Tit)-''/^ 



-t{Ho+2V^-))/2 



1/2 



-t(//o+4V(-))/4 



1/2 



XaP.{t(a^)' < V2}'/1Ili + ||E.{xA(^t);r(Aj)' < V2}'/1lLij , 

where y(-) = min{0, a_} Xljez-i /+(' " j) + max{0, a+} X^jez-i /-(' " j)- ^y Lemmas 
2.3 and 2.5 the expression in the brackets can be bounded by a constant times meas,y^_i(5Ai) 
if z^i > 2 and simply by a constant if ui = 1. The second inequahty in the claim of the lemma 
can be proved similarly. □ 



Corollary 5.8. For \ < the limit 
lim 



-aX;Ho + V^,A,Ho) =: -iV(A) 



A^oo meaS;^^ (A) 

exists almost surely in all points of continuity of the non-decreasing function N{X) and is non- 
random. 

Remark 5.9. By Corollary |5.3| A^(A) is the integrated density of surface states. 

A priori in the general case it is not clear whether the sign-indefinite functional p{g) defines 
some signed measure rather than a distribution. If we could prove that is continuous on 
continuous functions of compact support then we would be able to show that ^{g) = fi+{g) — 
fi-ig) with n±{g) being some positive linear functional (see e.g. Theorem IV.16 in []38|]), and 
thus by Riesz's representation theorem will define a signed Borel measure. We will not discuss 
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the continuity of fi{g) in the general case. Instead we will suppose that the single-site potential 
is non-negative, / > 0. 

Lemma 5.10. Let {aj{uj)}j(zzfi be a sequence of i.i.d. variables forming a stationary, metri- 
cally transitive random field. Then o;j^(w) = max{aj(w), 0} and aj{u!) = min{aj(w), 0} are 
sequences of i.i.d. variables which also form stationary, metrically transitive fields. 

Indeed a'f{T]f^uj) = max{aj(Tka;), 0} = max{aj_k(i^)5 0} = ^^'^ similarly 

Remark 5.11. The distributions of {a^ {uj)}j^z''^ can be expressed in terms of the distribu- 
tion K o/{aj(u;)}jg2''i- If 1^ concentrated on a subset of [0, oo) then = k and = 0. 
Otherwise k+ = k\^^ + hq, where k|ir_|_ is the restriction of the measure n to the non-negative 
semiaxis and kq is a point measure concentrated at zero such that ko({0}) = oo, 0)). The 
measure k~ can be described similarly. 

Proposition 5.12. Suppose that / > and either all qj > or all aj < 0. Then the linear 
functional iJ,{g) l \5.1C ) induces a positive (negative) Borel measure (iS(A) such that 



^ia) = / 9{X)dEi\). 
Jr 

Moreover for a/Z A € M the limit 

lim (meas^,(A))-i / ^{E; Hq + V^^a, Ho)dE 

exists almost surely and equals H(A) = oo, \)) for every continuity point o/H(A). 

Proof. We consider the case aj > only since the proof for the case aj < carries over verba- 
tim. By the monotonicity property of the spectral shift function ||6, 15] |(A; Hq + K),A, ^^o) > 
for Lebesgue almost all A G M, all w G and all A. From this it follows that the functional n{g) 



is positive. As it is noted in [ ]14p Riesz's representation theorem extends to the case of linear 
positive functionals on Cg and thus defines a positive Borel measure dH(A). □ 

Finally we consider the case with no restriction on the sign of the aj's. 

Tiieorem 5.13. Let / > 0. Then the linear functional ^{g) ( |5.iO ) induces a signed Borel 
measure dE{X) such that 



,i{g) = / g{\)d-E{\). 

Jr 

Moreover for a// A G M the limit 

lim (meas^,(A))-^ / ^{E; Hq + V^^a, Ho)dE 

J-oo 

exists almost surely and equals function of locally bounded variation H(A) = oo, \)) for 
every continuity point of'E(\). 

Proof. For almost every A G M, every a; G O and for arbitrary A by the chain rule for the 
spectral shift function (see e.g. [^) we have 

(5. 11) e(A; Ho + V^,A, Ho) = e(A; Ho + + T^"^, Ho + V-^) + ^(A; Ho + K^A' ^o) 

with V^^ = X^jeA ~ j)- H^""^ '^fi^) is decomposition of aj(w) into its positive 
and negative part such that VL,a = + K7a- monotonicity property of the spectral 
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shift function we have that the first summand on the r.h.s. of ( p.ll| ) is a.e. non-negative and the 
second one is a.e. non-positive. By Corollary ^ there is a linear functional 

By Lemma 5.10| there is a negative linear functional which we denote by fi~{g) such that 

fi-{g) = lim (meas^,(A))"i / g{X)C{\; Hq + VJ^, Ho)dX. 
By ( |5.11| ) the limit 

lim (meas,,(A))-i / giX^; Ho + VJ,, + V+^, Ho + V-j,)dX. 

exists almost surely and defines a non-random linear positive functional which we denote by 
fj'~^{g)- Thus 

i.e. is a difference of two positive linear functionals and therefore defines a signed Borel measure 
dE{X). □ 

The existence of the spectral shift function in the sense of distribution for the discrete Schrd- 
dinger operators (Jacobi matrices) with potentials of the type (5.8) was proved by A. Chahrour 
in Theorem 5.13 improves this result, i.e. we prove that the spectral shift density is defined 
as a measure rather than a distribution of order 1 . 

Appendix 

In this appendix for the convenience of the reader we collect some well known technical facts 
used in this article. 

A. 1 . Schrodinger Semigroup Estimates. The Feynman-Kac formula gives 

Tiieorem A.l. Let Vi, V2 be such that ^1+, V2+ G K"^^", Vi_,V2- G A',, and Vi > V2. Then 
for all f >OandO < f £ LP{W) with p > 1 

< e-*(^o+^i) / < e-*(^o+^2) f 

almost everywhere. 

The next result is a special case of hypercontractivity properties of Schrodinger semigroups: 



Tiieorem A.2. [M4p Let V- G Ky, V-^ G K'^'^. Then for every t > and p < q the operator 



is bounded from to L'^ and 



12,2 



< e 



-tH\ 



\p,p 



< 



-.-tH\ 



for any p > 2. 

Since ||e^*(^"+^) || 00,00 = ||e"*(^"^^)l||Loo Theorem A.l implies the following monotonic- 
ity property of the norm with respect to the potential V 



(A.l) 



-t(Ho+Vi) 



< 



-t{Ho+V2) 



For all 1 < p < g < cxD and arbitrary A> — inf spec(//) > there is a constant Cp^q such that 
the inequality 

(A.2) 



'tH\ 
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holds with 7 = zv(p ^ — q ^)/2. The proof of (A^) is given in [44]. From Theorem it 
follows (see @] for details) that e^*^ is an integral operator and 



-tH\ 



lp,oo 



sup 



where q ^ = I — p ^ for any I < p < oo. 

Lemma A.3. [||] Let V be such that G Ky and V+ G K^"". Then for all t > 

2 



-t(Ho+V) 



2,oo 



,-t{Ho+2V) 



Proof. Using the Schwarz inequality with respect to the Wiener measure in the Feynman-Kac 
formula we obtain 



(A.3) 



|(e-*(^o+^)/)(x)| < 



-t{Ho+2V) 



1/2 



[(e-*^1/P) (x)] 



1/2 



for any / € L^. The operator e is convolution by the function (47rt) exp(— x^/4t). 
Since this function is in L°°, by the Young inequality we have 

with g = l/p. Therefore by (Ob 



-t(Ho+V) . 



f < (4^t) 



-u/2 



-t{Ho+2V) 



2 

L2; 



thus proving the lemma. 



□ 



A.2. Trace and Hilbert-Schmidt Norm Estimates. Here we collect some Hilbert-Schmidt 
and trace norm estimates. The following lemmas are especially useful for estimating norms of 
semigroup differences and are special cases of the "little Grothendick theorem" [11]. 

Lemma A.4. [||] Lf'f A e C{C{W),L'^{W)), B e C{L'^{W),C{W)) and assume that A 
preserves positivity (i.e. / > implies Af > pointwise). Then the operator AB : L^(M'') 
Lp'iMy) is Hilbert-Schmidt and 



\AB\ 



< \\A\ 



oo,2 



1^1 



2,oo- 



LemmaA.5, [||, [T|] Lf'f A e C{L'^{W),L^{W))), B G C{L'^{W),L'^{W))) and let B 
preserve positivity. Let also there is cp S such that \{Bf){x)\ < (f){x) for all f G 

with 11/11^2 < 1. Then AB e Ji and 

\\AB\\j, < P||i,2 Ml^. 
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